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Abstract: This is the second article of a series that deals with the calculation of the aerodynamic 
unsteady forces on lifting surfaces. It presents some new important details on the lifting surface theory 
that  performs  oscillations  in  subsonic  flow.  These  features  will  be  applied  to  the  aerodynamic 
response to certain kind of gusts and to the flapping wing calculations 
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1. INTRODUCTION 
In our previous articol we presented the calculation of the airforces on lifting surfaces that 
perform  hamonic  oscillations  of  small  amplitude  in  a  subsonic  flow.  The  present  paper 
continues the investigations in the domain of the oscillation lifting surface theory in subsonic 
flow with a property of the integral equation. This property will allow us to find the pressure 
distributions for both the harmonic and general periodic oscillations expressed in real terms. 
This considerations will be the basis of a further application of the present theory to the 
flapping wing case. 
Basically, we used the same references as in our previous paper, [1]. 
2. MODES OF OSCILLATION AND GENERALISED FORCES 
The generalised forces are usually presented for planar configurations [14]. We shall extend 
here the definition of these forces for the non-planar wing case. 
Like  in  the  previous  paper,  we  consider  lifting  surface  (wing  or  empennage).  It  is 
denoted here by the symbol (W0) and is represented by the next parametric form: 
) , ( 0 s M M  
 
  (1) 
In the above formula, λ is a chordwise parameter (=0 for the leading edge and 1 for the 
trailing edge) and s a spanwise parameter ( 1 1    s for symmetrical wings). Suppose now 
that  this  surface  executes  oscillations  of  small  amplitude.  Geometrically,  it  has  different 
instantanous shapes (W) given by the equation: Valentin Adrian Jean BUTOESCU  4 
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) ; , ( ) , ( 0 t s O l s M M     
  
  (1’) 
In the above equation, l is a reference length and  ) ; , ( t s O 

 is the small displacement. 
Then  ) ; , ( t s O 

 <<1 is the amplitude of the oscillation. 
 
Fig. 1 The wing coordinate systems oxyz and oxsz 
Suppose that  ) ; , ( t s O 

can be represented as a linear combination of a number of K 
modes of displacements: 
    
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  (2) 
Here,    s ok , 

,  k=1,2...K  represent  the  shapes  of  the  K  oscillation  modes,   , t qk  
k=1,2...K denote the generalised coordinates. The vectors    s ok , 

 are often (but not always) 
parallel to    s n , 0 

, the local normal to (W0). 
Consider now the virtual displacement of the wing: 
  
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K
k
k k q s o l O
1
,
 
  (3) 
Here,  k q   k=1,2...K represent small and arbitrary increments. 
So  we  can  now  calculate  the  virtual  work  done  by  the  lifting  forces  per  unit  area
  t s L ; ,   with the virtual displacement (3) 
 
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  (4) 
On  the  other  hand    k
K
k
k q t Q W     
1
,  where    t Qk ,  k=1,2...K  represent  the 
generalised force in the k’s mode and at time t. 
Taking into account that  k q   are arbitrary, there results: 
     
       
0
; ,
W
k k dS n o t s L l t Q
 
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Suppose now that the wing oscillates harmonically, 
t i
k k e q t q   0 ) (   (6) 
where  represents the circular frequency of the oscillations. 
In our previous work we have shown that the aerodynamic equations can be linearised, 
so that we can write: 
  t i
k
K
k
k e q s p U t s L 


       0
1
2 ,
2
1
) , , (   (7) 
In the above formula,    t pk
  – the load, or pressure coefficient jump between the upper 
and  lower  sides  of  the  wing,  has  been  calculated  by  solving  the  lifting  surface  integral 
equation: 
     
 
          etc. , , or, , , ; , ,
, , , , , , ; , , , , ,  
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

  (8) 
where K1 is the kernel of the equation given in [1] (and too complicated to be reproduced 
here), and 
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  (9) 
In (9),  n

 is the unit normal vector to the oscillating surface in the k mode, with  k o

 
insead of O

,  0 n

 is the unit normal vector to (W0), and  k n1

 is the infinite small vector (index 
1) due to oscillating in mode k. 
Returning to (5), and using (7), we get: 
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In (10) b represents the wing span. We introduce a new notation 
  
    

 
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1
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So we can write 
  


    
K
m
t i
m m k k e q Q bl U t Q
1
0 ,
2 2
2
1   (12) 
From (11) one can see that Qk,m is dimensionless. 
This number is called the generalised force coefficient of the load calculated with the 
mode m and with displacement after the mode k.    Valentin Adrian Jean BUTOESCU  6 
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3. SOME PROPERTIES OF THE INTEGRAL EQUATION AND THEIR 
CONSEQUENCES 
3.1 System of integral equations 
For  a  better  understanding,  we  will  write  again  from  our  previous  article  [1]  the  two 
equations of the lifting surface that oscillates harmonically in subsonic flow: 
 
 
    0 0
1
*
1 1 8
1
0
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0 0 8
1
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  (13) 
where  
0 1 1 1
0 0
n O ik n w
n w
x
x
 
  
 
  (14) 
are the normalwash functions, calculated from (2). 
The first integral equation corresponds to the steady flow (index 0), whereas the second 
integral equation corresponds to the oscillatory flow (index 1). 
3.2 Negative frequency. Conjugate of the integral equation 
We observe that the next equations hold true: 
   
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,...; , ,...; ,
; , , ; , ,
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  (15) 
Consequently, 
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  (16) 
Moreover, all the equations in [1] are available for negative frequency, i.e for – ω or – k. 
3.3 Harmonic oscillation, case 1 
a) Suppose we have a certain harmonic oscillation of a wing: 
  t s o l t s Oc       cos , ) , , (
 
  (17) 
We can write 
       t t t
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1   
  (18) 
So we have two oscillations, one with positive and the other with negative frequency: 
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We can now calculate the normalwash for each of the two oscillations: 



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
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  (20) 
Solving the two integral equations (16), we obtain  * * *; p p p p   

 . Now we have the 
two pressure coefficients distributions: 
 
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  (21) 
The equations being linear, we can write 
            t s P t s P t s P t s P t s P t s P c , , Re 2 , , , , , , , , ) , , (                   (22) 
or, 
      t p t p t s P c        sin Im cos Re 2 ) , , ( * *   (23) 
b) Harmonic oscillation, case 2 
For other harmonic oscillation of the wing 
  t s o l t s Os       sin , ) , , (
 
  (24) 
We use again the Euler’s identity, 
       t t
i
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
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  (25) 
Finally, we get: 
        t p t p P t s P s          cos Im sin Re 2 Im 2 ) , , ( * *   (26) 
c) General periodic oscillation 
A general periodic oscillation of the wing is described by the following function: 
  ) ( , ) , , ( t q s o l t s O    
 
  (27) 
where q(t) is a periodic function of period T, that can be approximated by a Fourier series 
with N terms: 
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In the above relations, q0 is the amplitude of the oscillation, a0, an, bn and cn are the 
Fourier series coefficients and 
  N N n n
T
n ,    ,
2
 

    (29) 
We remind here that the coefficients cn and a0, an, bn are related by the next equations: Valentin Adrian Jean BUTOESCU  8 
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So, (27) becomes: 
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where 
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Now we can calculate the normalwashes corresponding to the n-th and 0-th terms: 
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We use  ) ( ) ( n n w w   and  ) ( ) ( n n w w    to solve the integral equations (15), and we get 
) (n p  and  ) (n p . Then, 
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The third normalwash in (33) is used to solve the steady flow integral equation (13 I), 
and so we get the solution  
0 p . 
Finally, we obtain the solution to our problem: 
            
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n
n
n n
n
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4. NUMERICAL EXAMPLE 
As  a  numerical  application,  we  considered  an  entomopter  rectangular  wing  (c=10mm, 
b=30mm), oscillating after a plunging saw teeth-shaped mode. This mode is represented in 
fig. 2 as a Fourier expansion with only 5 terms, of which only 3 are not equal to 0. The 
velocity U is 5m/s. 9  Part 2: Some Applications of Oscillating Lifting Surface Theory 
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Fig. 2 Plunging mode, T=0.1s 
The  angular  frequency  is  s rad/ 8 . 62     so  that  k=0.126.  Then  for  N=5,  only  3 
frequencies are needed to be considered:           5 ; 3 ; 5 3 1  or  k k k k k k 5 ; 3 ; 5 3 1     
The non-zero Fourier coefficients are:  008 . 0 ; 023 . 0 ; 203 . 0 5 3 1       c c c . 
Introducing the geometry and the three reduced frequencies into the DLM code, we get 
three complex values for the load distributions, i.e p1, p2 and p3. Their real and imaginary 
parts are represented in fig. 3, respectively 4, at 2y/b =0.705 section only. Then,  . 0 0 
 p  
 
Fig. 3 Chordwise pressure distributions at 2y/b=0.705, real parts (for k=0.126, 0.377 and 0.628) 
 
Fig. 4 Chordwise pressure distributions at 2y/b=0.705, imaginary parts  (for k=0.126, 0.377 and 0.628) 
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Now we can use the formula (35). In fig 5 it is represented the load distributions at the 
same wing section over a period of time (t=0; T/4; T/2; 3T/4). The distribution for t=T is 
equal to the distribution at t=0, since the load function is periodic as well; so, it has not been 
represented  in  fig.  5.  The  same  load  distribution  is  depincted  in  fig.  6  at  30  different 
moments of a period (t=0;T/30;2T/30,3T/30....T). 
 
Fig. 5 Chordwise pressure distribution (at 2y/b=0.705) on plunging wing, at t=0,T/4,T/2 and 3T/4 
 
Fig. 6 Load distribution evolution with time, over a period, T and at 2y/b=0.705 
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5. CONCLUSIONS 
1.  An extension of the generalised forces for non-planar configurations has been presented. 
2.  We proved that the linearised equation used for the lifting surface theory presented in the 
previous paper enjoys the property that the load distribution corresponding to a “negative 
frequecy” is the conjugate of the load that corresponds to the “positive frequency”, if the 
planform,  angular  frequencies  modules  and  oscillation  modes  are  the  same.  This 
property can be used to obtain the real load distribution not only for the harmonic case, 
but also for  the general oscillation case. A numerical example has been given. This 
property will be aplied for the calculation of gust air loads and to the flapping wings 
entomopter aerodynamics. 
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